
General relativistic non-linearities in 
cosmology

Matthew C. Johnson
York University

Perimeter Institute

Collaborators: 
A. Aguirre, J. Braden, F. Elsner, S. Feeney, L. Lehner, S. Leibling, 

H. Peiris, A. Terrana, C. Wainwright, and P. Zhang



The linear Universe
co

m
ov

in
g 

sc
al

e

conformal time

Inflation ⇤C
D
M

Reheating

First to leave
Last to enter



The linear Universe
co

m
ov

in
g 

sc
al

e

conformal time

CMB

Clusters
Galaxies

Substructure nonlinear
(matter)

linear



The non-linear Universe
co

m
ov

in
g 

sc
al

e

conformal time

?
?
?
?
?
?

?  ?  ?  ?  ?  ?  ?  ?  ?  ?  ?

?  ?  ?  ?  ?  ?  ?  ?  ?  ?  ?



The non-linear Universe
co

m
ov

in
g 

sc
al

e

conformal time

?
?
?
?
?
?

Pre-inflationary relics, etc.

?  ?  ?  ?  ?  ?  ?  ?  ?  ?  ?



The non-linear Universe
co

m
ov

in
g 

sc
al

e

conformal time

?
?
?
?
?
?

Ultra large scale structure

?  ?  ?  ?  ?  ?  ?  ?  ?  ?  ?



The non-linear Universe
co

m
ov

in
g 

sc
al

e

conformal time

?  ?  ?  ?  ?  ?  ?  ?  ?  ?  ?

Si
ng

ula
rit

y, 
ex

tra
 d

im
en

sio
ns

, e
tc

.
Ultra large scale structure



The non-linear Universe
co

m
ov

in
g 

sc
al

e

conformal time

PBH, phase transitions, etc.

Si
ng

ula
rit

y, 
ex

tra
 d

im
en

sio
ns

, e
tc

.
Ultra large scale structure



• On very large scales, very small scales, and at early times, 
gravitational non-linearities are key to answering a number 
of fundamental questions:

The non-linear Universe

• What were the initial conditions for inflation and are 
there any observable relics?

• How did inflation end and are there any observable 
relics?

• How do sub-horizon and horizon-scale modes couple?

• What role to do extra dimensions play in early Universe 
cosmology?



• On very large scales, very small scales, and at early times, 
gravitational non-linearities are key to answering a number 
of fundamental questions:

The non-linear Universe

An invitation: Lots of interesting questions, many technical 
challenges, rare combination of theory, numerics, and 

observation.



• On very large scales, very small scales, and at early times, 
gravitational non-linearities are key to answering a number 
of fundamental questions:

The non-linear Universe

• What were the initial conditions for inflation and are 
there any observable relics?

Check out talks by:
Jonathan Braden: B4, Tuesday, 4:30-6:30.

Will East: B2, Thursday 4:30-6:30.



Eternal Inflation: is this our universe?

Movie: Anthony Aguirre



Observational Tests of Eternal Inflation

• But is eternal inflation experimentally verifiable?

Our bubble does not evolve in isolation....

The collision of our bubble with others provides an 
observational test of eternal inflation.



How do we find the signature of bubble collisions?
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Figure 1. A schematic of the path from a scalar field Lagrangian to the comoving curvature
perturbation. One begins by specifying a scalar-field potential with two or more vacua. With
only two vacua (upper left panel), only collisions between identical bubbles are possible. Region
1 on the potential describes the properties of the bubble wall, while regions 2 and 3 describe the
cosmological evolution inside of each bubble as depicted in the upper right panel. Simulations are
performed to construct the full collision spacetime in a set of global coordinates. Using data from
the simulation, we reconstruct the perturbed FRW metric inside the observation bubble by evolving
a set of geodesics through the simulation (lower right panel). A gauge transformation then allows
us to extract the comoving curvature perturbation R late in the inflationary epoch. Evolving the
comoving curvature perturbation, the observable universe is split into a region that is, and a region
that is not, a↵ected by the collision. The lower left panel depicts the surface of last scattering inside
the observation bubble in a reference frame where the observer is at the origin of coordinates. The
collision boundary follows a line of constant ⇠ (this coordinate is defined by the metric Eq. 2.2 ).
This observer’s past light cone intersects the collision boundary, and would map on to a disc on
their CMB sky.

the same initial surface, we simply sum their field values, assuming that the overlap is

small enough such that they do not a↵ect each other’s shape. We then compute metric

variables from the constraints. This procedure is valid because the geometry approaches

an anisotropic foliation of flat space at early enough times. We designate one bubble as the

observation bubble — it must contain a phenomenologically viable slow-roll inflationary

cosmology — and the other bubble as the collision bubble.

We then simulate the collision using the fully general-relativistic equations of motion

on an adaptive grid, which is necessary to accurately resolve the bubble walls and the

collision shock fronts. The simulation coordinates are defined in terms of the false vacuum

Hubble parameter H
F

, with an SO(2, 1) symmetric metric

H2

F

ds2 = �↵(N, x)2 dN2 + a(N, x)2 cosh2 N dx2 + sinh2 N (d�2 + sinh2 �d'2). (2.1)
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Determining the collision spacetime: numerical GR

Mollweide projection of closed foliation of de Sitter space. 



ds2 = �d⌧2 + a2(⌧) [(1� 2 ) + Eij ] dX
idXj

Local vs global

• Brute force:
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Figure 1. Mechanics of bubbles, bubble collisions, and reconstruction of observational signatures.
One begins by specifying a scalar-field potential with multiple vacua. The false vacuum is unstable
to bubble formation. Each bubble has a wall determined by region 1 of the potential, and contains
an open FRW universe, the evolution of which is determined by regions 2 and 3 of the potential.
Surfaces of constant density are depicted as solid lines inside the bubble. Bubbles collide, and we can
conveniently simulate them in a reference frame, the Collision Frame, where they nucleate at the same
cosmological time. Because the field excursion caused by the collision is bounded, the dynamics of
the collision are determined entirely by regions 1 and 2 of the potential. The subsequent cosmological
evolution is determined by region 3. We reconstruct the perturbed FRW metric inside the observation
bubble by evolving a set of geodesics through the simulation. A gauge transformation then allows us
to extract the comoving curvature perturbation late in the inflationary epoch. Since this quantity is
frozen in, and largely insensitive to the details of reheating, it is possible to calculate cosmological
signatures such as the CMB temperature anisotropies.

true vacuum. Given an initial condition where the field is at rest in the false vacuum over
a region of size greater than H�1

F (the false vacuum Hubble radius), bubble nucleation will
occur via the Coleman-de Luccia (CDL) instanton [? ? ]. If the rate of bubble formation
is somewhat less than one bubble nucleated per Hubble volume per Hubble time, then the
phase transition will not complete, and inflation becomes eternal.

The rate of bubble formation and the profile of the bubble wall is entirely determined by
the CDL instanton solution pertaining to the region of the potential labeled “1”. The reader
can find a summary of these instantons and the methods for constructing them in Sec. 3.1.
The structure of the instanton also implies that the exterior of the null cone emanating from
the bubble center contains values of the field between the instanton endpoints, labeled by the
red dots in Fig. 1. The symmetry group of the instanton implies that each bubble contains
an open Friedmann-Robertson-Walker (FRW) universe. In order to dilute the curvature and
to produce phenomenologically-viable density fluctuations, we must invoke an epoch of slow-

– 3 –

Solve geodesic equation

Perturbed FRW in synchronous gauge, centered on fiducial geodesic:

• A key challenge: how do you extract locally FRW 
patches from a very inhomogeneous Universe on large 
scales?

(linear)



ds23 = a2(⌧) (1� 2R) �ijdX
idXj

Local vs global

• A key challenge: how do you extract locally FRW 
patches from a very inhomogeneous Universe on large 
scales?

• Geometrical:
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Figure 1. Mechanics of bubbles, bubble collisions, and reconstruction of observational signatures.
One begins by specifying a scalar-field potential with multiple vacua. The false vacuum is unstable
to bubble formation. Each bubble has a wall determined by region 1 of the potential, and contains
an open FRW universe, the evolution of which is determined by regions 2 and 3 of the potential.
Surfaces of constant density are depicted as solid lines inside the bubble. Bubbles collide, and
we can conveniently simulate them in a reference frame, the Collision Frame, where they nucleate
at the same cosmological time. Because the field excursion caused by the collision is bounded,
the dynamics of the collision are determined entirely by regions 1 and 2 of the potential. The
subsequent cosmological evolution is determined by region 3. We reconstruct the perturbed FRW
metric inside the observation bubble by evolving a set of geodesics through the simulation. A gauge
transformation then allows us to extract the comoving curvature perturbation late in the inflationary
epoch. Since this quantity is frozen in, and largely insensitive to the details of reheating, it is possible
to calculate cosmological signatures such as the CMB temperature anisotropies.

only one type of bubble, so all collisions are between identical bubbles. Extensions of this

simplest model would allow for the collision between di↵erent bubbles, connecting the false

vacuum to di↵erent basins of attraction. We restrict ourselves in this paper to this simplest

class of models, leaving an assessment of the full range of possibilities to subsequent work.

The full collision spacetime for two bubbles possesses an SO(2,1) symmetry, allowing

us to extract the spacetime (with metric Eq. 3.4) using a 1+1-dimensional simulation. This

symmetry arises from the hyperbolic SO(3,1) symmetry of the individual bubbles (rotations

and radial boosts): the intersection of two hyperboloids is a hyperboloid of one lower

dimension. Rotations about the line separating the bubble centers is retained, as well as

boosts transverse to this axis, yielding a residual SO(2,1) symmetry [14, 15]. The equations

of motion for the scalar field and metric (see Eq. 3.8) respect this symmetry, and unless
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where

1 � 2B =
sinh2 N(u)

a2

0

cosh2 ⇠(u)
. (2.6)

When B = 0, Eq. 2.5 has constant negative spatial curvature, and represents a constant-

time hypersurface in an anisotropic foliation of an open FRW universe (the anisotropic

hyperbolic coordinates described in Ref. [11]) with scale factor a
0

. The metric function B

defines a scalar perturbation on top of an open FRW universe.

We can fix the constants ⇠
0

and a
0

by requiring that at an arbitrary position u
0

⌘ u(x
0

)

on the slice we have:

B(u
0

) = 0,
dB

d⇠
(u

0

) = 0 (2.7)

which yields

⇠
0

= sinh�1

✓
cosh N

0

dN
0

du
0

◆
(2.8)

a
0

=
sinh N

0

cosh ⇠
0

, (2.9)

where N
0

= N(u
0

). The choice B(u
0

) = 0 amounts to absorbing the local expansion into

the scale factor a
0

. The choice dB/d⇠ = 0 corresponds to requiring the observer to be at

rest with respect to the spatial slice (gradients of B would induce a peculiar velocity). The

constant ⇠
0

corresponds to the observer’s position in the anisotropic hyperbolic coordinates.

With a perturbed FRW metric in hand, one can write the Ricci 3-scalar as a function

of the perturbation B (neglecting the conformal factor a
0

),

R(3) = � 6 � 32B2(B2 � 1) +
4B

cosh2 ⇠
(8B3 + 4B2 � 2B � 1)

� 4 tanh ⇠(8B3 + 4B2 � 10B � 3)@
⇠

B

� 2(4B2 + 4B � 1)(@
⇠

B)2 + 4(2B + 1)@2

⇠

B.

(2.10)

Note that R(3) = �6 when B = 0, representing the overall negative spatial curvature of

comoving slices in unperturbed bubbles. The Ricci scalar can also be written in terms of

the scalar curvature perturbation R,

R(3)(⇠) = �6 + 4r2R. (2.11)

Since R(3) is a function of ⇠ only, the perturbation R should only depend upon ⇠ as well.

The Laplacian is given by

r2R =

✓
@2

⇠

+
2 tanh ⇠ � 2@

⇠

B

1 � 2B
@

⇠

◆
R. (2.12)

which defines an elliptic equation for R. Using B from Eq. 2.6, the Ricci scalar can be

computed from Eq. 2.10. Eq. 2.11 can then be integrated to find R(⇠), with the integration

constant fixed by R = dR/d⇠ = 0 at the observer position ⇠
0

(this corresponds to an

observer at rest with respect to the spatial hypersurface).
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Perturbed FRW in comoving gauge on spatial slices:

(linear)



⇣ ⌘ 1

6

log det gij

����
end

begin

ds23 = e2⇣�ijdX
idXj

Local vs global

• A key challenge: how do you extract locally FRW 
patches from a very inhomogeneous Universe on large 
scales?

• Delta N:
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Figure 1. Mechanics of bubbles, bubble collisions, and reconstruction of observational signatures.
One begins by specifying a scalar-field potential with multiple vacua. The false vacuum is unstable
to bubble formation. Each bubble has a wall determined by region 1 of the potential, and contains
an open FRW universe, the evolution of which is determined by regions 2 and 3 of the potential.
Surfaces of constant density are depicted as solid lines inside the bubble. Bubbles collide, and we can
conveniently simulate them in a reference frame, the Collision Frame, where they nucleate at the same
cosmological time. Because the field excursion caused by the collision is bounded, the dynamics of
the collision are determined entirely by regions 1 and 2 of the potential. The subsequent cosmological
evolution is determined by region 3. We reconstruct the perturbed FRW metric inside the observation
bubble by evolving a set of geodesics through the simulation. A gauge transformation then allows us
to extract the comoving curvature perturbation late in the inflationary epoch. Since this quantity is
frozen in, and largely insensitive to the details of reheating, it is possible to calculate cosmological
signatures such as the CMB temperature anisotropies.

true vacuum. Given an initial condition where the field is at rest in the false vacuum over
a region of size greater than H�1

F (the false vacuum Hubble radius), bubble nucleation will
occur via the Coleman-de Luccia (CDL) instanton [? ? ]. If the rate of bubble formation
is somewhat less than one bubble nucleated per Hubble volume per Hubble time, then the
phase transition will not complete, and inflation becomes eternal.

The rate of bubble formation and the profile of the bubble wall is entirely determined by
the CDL instanton solution pertaining to the region of the potential labeled “1”. The reader
can find a summary of these instantons and the methods for constructing them in Sec. 3.1.
The structure of the instanton also implies that the exterior of the null cone emanating from
the bubble center contains values of the field between the instanton endpoints, labeled by the
red dots in Fig. 1. The symmetry group of the instanton implies that each bubble contains
an open Friedmann-Robertson-Walker (FRW) universe. In order to dilute the curvature and
to produce phenomenologically-viable density fluctuations, we must invoke an epoch of slow-

– 3 –

(non-linear)

Perturbed FRW in comoving gauge on spatial slices:



CMB observables
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FIG. 3: The induced signal in the three-dimensional curvature perturbation (left panel, shown on shells centered on the observer
out to the last scattering surface) results in radially symmetric features in the CMB. Right panel: with the direction of the
bubble collision in the center of the plot, we show Mollweide projections of the corresponding templates in temperature (upper
half ) and polarization (lower half ) in dimensionless units.

where X = {T, E} and the constants

A = 2

r
8⌦obs

k

robs

; B = 2⌦obs

k

(7)

are assumed to have been constrained by other data. When presenting constraints on fundamental parameters, we
assume the hypothetical situation where primordial gravitational waves and negative spatial curvature have been
detected at a level of robs = 0.1 and ⌦obs

k

= 10�4 respectively. This yields A ' .179 and B ' 2 ⇥ 10�4. Throughout
our analysis, and without loss of generality, we choose to centre the bubble collisions on the North Pole. This,
combined with the azimuthal symmetry of the bubble collision signature, means that all bX

`m

with m 6= 0 are zero.

III. FISHER ANALYSIS

We assume that the data – in this case, the observed spherical harmonic coe�cients dX

`m

, where X = {T, E} – consist
of the stochastic Gaussian CMB (aX

`m

), a beam-deconvolved instrumental white noise (nX

`m

), and a deterministic bubble
collision (bX

`m

). Under these assumptions the moments of the (Gaussian) data are simple to define: the noise and
CMB anisotropies do not contribute to the mean, which is determined entirely by the collision to be

hdi = µ =

✓
bT

`m

bE

`m

◆
; (8)

the deterministic bubble collision signature does not contribute to the covariance, which is defined purely by the CMB
and noise power spectra to be

hddti � hdihdit = C =

✓
CTT

`

+ NTT

`

CTE

`

CTE

`

CEE

`

+ NEE

`

◆
. (9)

We consider three experimental configurations: a theoretical cosmic-variance-limited experiment with N
`

= 0, a
forecast of the Planck satellite’s full mission, and WMAP (included to compare our forecasts against existing results).

• Observables are computed at many different vantage 
points in the simulations, e.g. CMB temperature and 
polarization:



CMB constraints

• With a prediction, we can forecast and do data analysis:10
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FIG. 5: Amplitudes detectable at 3� using temperature-only (left), polarisation-only (center) and combined temperature and
polarisation (right) data from WMAP7 (orange), Planck (red) and a cosmic-variance-limited experiment (dark red). Detectable
values of R0 are indicated with solid lines, RL

0 with long-dashed lines and RQ
0 with short-dashed lines.

For the overall amplitude, R
0

, the temperature is the dominant contribution to the detectability limits. Note that
the linear amplitude is always better constrained than the overall amplitude when employing only polarisation, but
the opposite is true when using temperature-only data. This is because the linear polarisation template has a sharp
feature with amplitude around twice that of the quadratic polarisation template, whereas the temperature templates
are very similar in amplitude (Q̂T

`m

is typically ⇠ 10% stronger than L̂T

`m

). The R
0

, f degeneracy is therefore exposed
at larger 1�cos(�x

sep

) when using polarisation than when including temperature. When temperature and polarisation
are combined, the detectable R

0

and RL

0

curves are very similar, crossing so that the detectable R
0

is larger than the
detectable RL

0

(and the R
0

, f parameterisation is therefore suboptimal) for x
c

. 8000 Mpc.
Comparing experiments, the WMAP, Planck and CVL curves all converge when using temperature-only information:

both WMAP and Planck are cosmic-variance limited in temperature at the multipoles relevant to this analysis. Indeed,
Planck is also very nearly cosmic-variance limited in E polarisation, yielding constraints on R

0

almost indistinguishable
from the cosmic-variance limited experiment, and constraints on RL

0

only 5 � 12% weaker. As the constraints on R
0

are temperature-dominated, Planck o↵ers only ⇠ 20% improvement over WMAP; however, its polarisation data allow
up to ⇠ 65% improvement in constraints on the linear amplitude, RL

0

. Beyond increasing the fraction of foreground-
cleaned sky available for analysis, there is little improvement to be gained from post-Planck data.

T E T&E
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Smith
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• Proof of principle that non-linear early Universe physics 
can be constrained using combination of theory, numerics, 
and observation.

• Other scenarios: inhomogeneous inflation (Braden, East), 
extra dimensions in early Universe, primordial black holes, 
large scale structure, etc.

• New tools: extracting cosmological observables from 
simulations in arbitrary gauge, simulation techniques, data 
analysis techniques, motivation for new observational 
techniques, etc. 

Conclusions



Thanks!


