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Introduction


1) Massless scalar field (Choptuik).


2) Thin null-dust shell (Louko, Whiting and


Friedman).
Quantization: (Hájı́cek, Kiefer)


a) Embedding geometrical
variables.


b) Partial quantization in the
neighborhood of the shell.


c) Selfadjointness of the true Hamiltonian prevents eternal black
formation: bouncing shells.


1 / 12







Classical system: Ashtekar variables


1) Phase space
(


Kx(x),Ex(x)
)


,
(


Kϕ(x),Eϕ(x)
)


and (r, p).


2) Spatial metric: dh2 = (Eϕ)2


|Ex| dx2 + |Ex|dΩ2


3) The Hamiltonian is a linear combination of constraints


H(N) :=


∫
dx N


[
((Ex)′)2


8
√
|Ex|Eϕ


−
Eϕ


2
√
|Ex|
− 2Kϕ


√
|Ex|Kx −


EϕK2
ϕ


2
√
|Ex|


−
√
|Ex|(Ex)′(Eϕ)′


2(Eϕ)2
+


√
|Ex|(Ex)′′


2Eϕ
+


√
|Ex|


Eϕ
ηpδ(x− r)


]
, (1)


Hx(Nx) :=


∫
dx Nx [EϕK′ϕ − (Ex)′Kx−p δ (x− r)


]
. (2)


fulfilling the algebra


{Hx(Nx),Hx(Ñx)} = Hx


(
Nx(Ñx)′ − (Nx)′Ñx


)
, {H(N),Hr(Nx)} = H(NxN′),


{H(N),H(Ñ)} = Hx


(
Ex


(Eϕ)2


[
NÑ′ − N′Ñ


])
. (3)
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Classical system: new constraint algebra


4) We Abelianize the scalar constraint (as in vacuum)


H̃ =
(Ex)′


Eϕ
H − 2Kϕ


√
|Ex|


Eϕ
Hx, Nnew =


Eϕ


(Ex)′
N, Nx


new = Nx + 2Kϕ


√
|Ex|


(Ex)′
N. (4)


The total Hamiltonian with boundary terms now reads


HT =


∫
dx
[
− N′new


(
−
√
|Ex|


(
1 + K2


ϕ


)
+


(
(Ex)′


)2√|Ex|
4 (Eϕ)2 +F(r)p Θ(x− r)


)


+ Nx
new
[
−(Ex)′Kx + EϕK′ϕ−p δ (x− r)


] ]
+ N+


(
F(r)p + 2M


)
+ N−2M, (5)


where


F(r) =
√


Ex
(
η (Ex)′ (Eϕ)−2 + 2Kϕ (Eϕ)−1


)
|x=r. (6)


The constraint algebra is {H̃(Nnew), H̃(Ñnew)} = 0 and the
usual one with the diffeomorphism constraint.
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Classical Dirac observables


2) We can identify two classical observables (in absence of a pre-
existing black hole): the mass (total ADM mass)


m := F(r)p/2, (7)


and its conjugate variable


V :=


∫ ∞
r


dy
(


2
F(y)


− [η (1 + 2m/y)]


)
+ t − η [r + 2m ln(r/(2m))] .


(8)


such that {m,V} = 1. It represents the Eddington–Finkelstein
time of an ingoing/outgoing shell.
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Kinematical Hilbert space


1) Sectors:
a) Spin networks


〈Kx,Kϕ|g,~k, ~µ〉 =
∏
ej∈g


exp


(
i
kj


2


∫
ej


dx Kx(x)


)∏
vj∈g


exp
(


i
µj


2
Kϕ(xj)


)
, (9)


kj ∈ Z is the valence associated with the edge ej, and µj ∈ R
the valence associated with the vertex xj.


b) Matter ψ(r) := 〈r|ψ〉.


2) Kinematical Hilbert space:


Hg
kin =


 n⊗
j


`2
j ⊗ L2


j (RBohr, dµBohr)


⊗ L2(R, dr). (10)


The inner product is


〈g,~k, ~µ, r|g′,~k′, ~µ′, r′〉 = δ(r − r′)δ~k,~k′δ~µ,~µ′δg,g′ . (11)
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Kinematical operators


3) Operator representation: position of the shell and triads


r̂|g,~k, ~µ, r〉 = r|g,~k, ~µ, r〉, p̂ = −i∂r,


Êx(x)|g,~k, ~µ, r〉 = `2
Plkj|g,~k, ~µ, r〉,


Êϕ(x)|g,~k, ~µ, r〉 = `2
Pl


∑
vj∈g


δ
(
x− xj


)
µj|g,~k, ~µ, r〉, (12)


4) Holonomies (of Kϕ) of length ρ(x)


N̂ϕ
±ρj


(x)|µj〉 = |µj ± ρj〉, x = xj.


N̂ϕ
±ρj


(x)|µj, µj+1〉 = |µj,±ρj, µj+1〉, xj < x < xj+1.
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Representation of the scalar constraint
The scalar constraint will defined on the lattice


Ĥ(xj) := Hg
j +


1
2


∑
i


Fi(θjXi + Xiθj), (13)


such that the spacing of the vertices is εj = xj+1 − xj,


Hg
j = b̂j


(
−1− K̂2


ϕ(xj) + â2
j
̂[1/Eϕ]2(xj)


)
, Fj = 2 ε−1


j b̂j


(
âj


̂[1/Eϕ]2(xj) + ̂[Kϕ/Eϕ](xj)
)
.


(14)


The quantum algebra close if a) [Hg
i ,Fj] = i~F2


i δi,j, which involves


[K̂2
ϕ(xi), ̂[1/Eϕ]2(xj)] = −2i~δij


(
̂[1/Eϕ]2(xi) ̂[Kϕ/Eϕ](xi) + ̂[Kϕ/Eϕ](xi) ̂[1/Eϕ]2(xi)


)
,


[K̂2
ϕ(xi), ̂[Kϕ/Eϕ](xj)] = −2i~δij


(
̂[Kϕ/Eϕ](xi)


)2
,


[ ̂[1/Eϕ]2(xi), ̂[Kϕ/Eϕ](xj)] = −2i~δij


(
̂[1/Eϕ]2(xi)


)2
, (15)


b) [θi,Xj] = −iδijδj, [θi,θj] = 0 = [θi, δj], δiδj = δijδi, (δjXi + Xiδj) = 2δijXi.
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Representation of the scalar constraint


They can all be written in terms of the elementary operators,


K̂2
ϕ(xj) =


̂sin (ρKϕ(xj))


ρ
Êϕ(xj)


̂sin (ρKϕ(xj))


ρ
Êϕ(xj)


−1,


̂[Kϕ/Eϕ](xj) =
̂sin (ρKϕ(xj))


ρ
̂cos (ρKϕ(xj))Êϕ(xj)


−1,


̂[1/Eϕ]2(xj) = ̂cos (ρKϕ(xj))Êϕ(xj)
−1 ̂cos (ρKϕ(xj))Êϕ(xj)


−1,


âj =
η


2εj


(
Êx(xj)− Êx(xj−1)


)
, b̂n =


√
|Êx(xj)|. (16)


for µj = 2ρj(lj + δj) and δj 6= 0, 1, 2. θj and Xj are operators on ψ(r)
defined as


θjψ(r) :=


∫ εj


0
dεΘ(xj + ε− r) ψ(r),


Xj :=
1
2


(δjp̂ + p̂δj), δjψ(r) :=


∫ εj


0
dεδ(xj + ε− r) ψ(r), (17)
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Quantum observables and physical inner product


1) In the case of diffeo invariant states, there is an observable
(with no analogue classical Dirac obs.) of the form


Ô(z)|Ψphys〉 = `2
PlkInt(zv)|Ψphys〉, z ∈ [−1, 1], n = 2v + 1, (18)


that allows us to define the parametrized observables


Êx(x)|Ψphys〉 = `2
PlkInt


(
z(x)v
)|Ψphys〉, (19)(


Êx(x)
)′
|Ψphys〉 = `2


Pl


(
k


Int
(


z(x)v
) − k


Int
(


z(x)v−1
)) |Ψphys〉. (20)


after introducing the parameter function z(x) : x→ [−1, 1].


2) There are also the mass of the shell m̂ = F̂p/2 and its conju-
gated momentum V̂. We lack a polymer selfadjoint represen-
tation, so we adopt a standard one for [m̂, V̂] = i~.


3) The physical inner product is then 〈~k,m|~k′,m′〉 = δ~k,~k′δ(m−m′).
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Classical singularity vs. quantum theory


1) The spacetime metric components can be defined as parame-
trized observables explicitely in terms of basic Dirac observa-
bles and functional parameters.


2) Let us choose a state with radial positions xi ∈ [−L,L] where
L = ∆(v + 1) such that ∆ ≥ `2


Pl/xr. We choose xi = (i + 1)∆
if i ≥ 0. Then we have that z(xi) = xi/L and ki = Int(x2


i /`
2
Pl).


Also that (Ex(xi))
′ ∼ (2i + 1) ∆. At (Ex(x0))′ ∼ (k0 − k−1) = 2∆.


If i < 0 then xi = i∆ and ki = −Int(x2
i /`


2
Pl).
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Classical singularity vs. quantum theory


3) With these assumptions the result of the quantum construc-
tion is essentially a discretization of the above classical ex-
pressions of the metric on a lattice determined by a given spin
network.


4) Away from the high quantum regime we would recover smooth
geometries (even more if superpositions of m and ~k are consi-
dered). At the deep quantum regime the geometry would not
be smooth but regular (the singularity can be avoided).
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Conclusions


1) We have provided a quantum scalar constraint compatible with
the Dirac quantization approach (formally).


2) We do not know yet the solutions to the constraints in closed
form.


3) We are able to construct parametrized Dirac observa-
bles,among them the spacetime metric components.


4) We do not know yet a selfadjoint loop representation of some
of the basic observables of the model.


5) But, assuming a standard one, we can complete the quanti-
zation and explain the way the singularity can be avoided. We
can also construct semiclassical geometries with a fundamen-
tal discretization where quantum gravity effects emerge at the
high curvature regime.
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