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Conformastationary spacetimes are
stationary spacetimes with a conformally flat space of orbits,

and conformastatic spacetimes comprises
the static subset .
(Synge, Relativity: The General Theory, 1960. )

ds2 = −c2e2φ(r,z)dt2 + e−2φ(r,z)(dr2 + dz2 + r2dϕ2) .
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Conformastatic line element:
ds2 = −c2e2φ(r,z)dt2 + e−2φ(r,z)(dr2 + dz2 + r2dϕ2)

+

Magnetic potential:

Aα =
(
0, 0, 0, Aϕ(r, z)

)
=

Magnetized conformastatic space-time
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Conserved quantities

Energy E : pt = −mce2φṫ ≡ −E
c
,

Angular Momentum L : pϕ = mr2e−2φϕ̇+
q

c
Aϕ ≡ L,

pαp
α = −Σ,

−c2e2φṫ2 + e−2φ(ṙ2 + ż2 + r2ϕ̇2) = −Σ =


0, null curves,
−c2, time-like curves,
c2, space-like curves.

The equatorial plane (z = 0) : ṙ2 + Φ =
E2

m2c2
,

Effective potential : Φ(r) ≡ L2

m2r2

(
1− qAϕ

Lc

)2

e4φ + Σe2φ.
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Circular Orbits
Conditions for the occurrence of circular orbits are

dΦ

dr
= 0, Φ =

E2

m2c2
. (1)

Angular momentum of the particle in circular motion:

Lc± =
qAϕ
c

+
qrAϕ,re

φ ±
√

(qrAϕ,reφ)
2 − 4Σc2m2r3φ,r (2rφ,r − 1)

2ceφ (2rφ,r − 1)
.

(2)
Energy of the particle in circular motion:

E
(±)
c± = ±mceφ

(
Σ + ξ(±)

c

)1/2
, (3)

where

ξ(±)
c =

[
qrAϕ,re

φ ±
√

(qrAϕ,reφ)
2 − 4Σc2m2r3φ,r (2rφ,r − 1)

]2
4m2c2r2 (2rφ,r − 1)2

.
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Orbit in which the particle is located at rest
(rr) as seen by an observer at infinity

L = 0,
dΦ

dr
= 0. (4)

For an orbit with a rest radius r = rr, the energy of the particle
is,

E
(±)
r± = ±mceφ

(
Σ + ξ(±)

r

)1/2
(5)

where

ξ(±)
r =

q2e2φ [rAϕ,r ± (rAϕ,r + 2Aϕ (2rφ,r − 1))]2

4m2c2r2 (2rφ,r − 1)2
. (6)
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Last stable circular orbit

dΦ

dr
= 0, Φ =

E2

m2c2
,

d2Φ

dr2
= 0, (7)

L±
lsco =

qAϕ
c

+

{
qeφ

(
8r2Aϕ,rφ

2
,r + r2Aϕ,rr − 4rAϕ,r

)
±

[
q2e2φ

(
8r2Aϕ,rφ

2
,r + r2Aϕ,rr − 4rAϕ,r

)2
−4(q2r2A2

ϕ,re
2φ + 2c2Σm2r4φ2,r + c2Σm2r4φ,rr)

×(8r2φ2,r + 2r2φ,rr − 8rφ,r + 3)

]1/2}
×
[
2ceφ(8r2φ2,r + 2r2φ,rr − 8rφ,r + 3)

]−1
(8)
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The field of a punctual mass in
Einstein-Maxwell gravity

ds2 = −c2e2φdt2 + e−2φ(dr2 + dz2 + r2dϕ2), (9)

Rαβ − 1

2
gαβR = k0Eαβ, ∇βFαβ = 0, (10)

Eαβ =
1

4π

{
FαγF

γ
β −

1

4
gαβFγδF

γδ

}
,

Fαβ = Aβ,α −Aαβ, Aα = (0, Aϕ).
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A solution of the Einstein Maxwell equations

φ(r, z) = φ[U(r, z)], (11)
∇2U(r, z) = 0. (12)

φ = − ln (1− U), (13)

Aϕ(r, z) =
c2

G1/2

∫ r

0
r̃U(r̃, z)dr̃, (14)

∇2U(r, z) = 0, U(r, z) < 1.

Br =
c2

G1/2
rU,r Bz =

c2

G1/2
rU,z . (15)
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The field of a punctual mass in
Einstein-Maxwell gravity

U(r, z) = −GM
c2R

, R2 = r2 + z2 , (16)

φ(r, z) = − ln

(
1 +

GM

c2R

)
, (17)

Aϕ(r, z) =
√
GM

(
1− z

R

)
, (18)

Br = G1/2Mr2R−3 , Bz = G1/2MrzR−3 . (19)

Φ(r) =
c6r2(Lc− q

√
GM)2

m2(c2r +GM)4
+

Σc4r2

(c2r +GM)2
. (20)
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Circular motion of a charged test particle

The angular momentum for a circular orbit with radius rc

Lc ± =
q
√
GM

c
∓ (c2rc +GM)m

c2

√
ΣGM

c2rc −GM
(21)

The energy for a circular orbit with radius rc

Ec ± = ± mc4

(c2rc +GM)

√
Σr3c

c2rc −GM
(22)
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L

Mm

c+

rc
M

L

Mm

c

Figure: Angular momentum of a neutral test particle in terms of the
radius orbit rc/M
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Ec
m

rc M/

Figure: Energy of a charged test particle in terms of the radius orbit
rc/M
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Mm

Lc+

r /MC

Figure: Angular momentum of charged particles in a time-like circular
orbit In this graphic the angular momentum L+

c /Mm is plotted as a
function of the radius rc/M for some values of q/m. The continuous
curve corresponds to the value q/m = 2

√
2.
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Charged test particle at rest (L = 0) respect
to an observer at infinity

rr ±
M

=
c2q2 − 2ΣGm2 ±

√
c2q2 (c2q2 − 8ΣGm2)

2Σm2c2
, (23)

E
(±)
r+ = +

mc2
√

2q2
[
q2 − 2Gm2 ±

√
q2(q2 − 8Gm2)2

]3
[
q2 ±

√
q2(q2 − 8Gm2)2

]2 ,

E
(±)
r− = −E(±)

r+ . (24)
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r /Mrr /Mr

q /m

r /Mr+ r /Mr+

q/m

(+)

Er +/m
(+)

Er +/m

rE /m
(-)
+rE /m

(-)
+

(a) (b)

Figure: Radii and Energy of the charged particles for the time-like
orbits characterized by the conditions L = 0 and dΦ/dr = 0.
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The last stable circular orbit

The angular momentum of a particle in the last stable circular
orbit

Llsco ± =
q
√
GM

c
± 2
√

2ΣGMm

c2
. (25)

The energy of a particle in the last stable circular orbit

Elsco ± = ±3

4

√
3Σ

2
mc . (26)
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The last stable circular orbit
For a null curve

Llsco ± = q
√
GM/c. (27)

For a time-like particle it is

Llsco ± = (q
√
G± 2

√
2Gm)M/c. (28)

If the charge of the particle is

q = 2
√

2Gm, then Llsco− = Lc+ = Lr = 0. (29)

If the charge of the particle is

q = −2
√

2Gm then Llsco+ = Lc− = Lr = 0. (30)

The last stable circular orbit occurs at the radius r = 3GM/c2,
independently of the value of the charge. Moreover, on the last
stable orbit the particle is at rest, if the value of the charge is
q = ±2

√
2Gm.
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Figure: Particle at the last stable circular orbit, black point,
(q/m = 2

√
2, r/M = 3, Llsco+ = 4

√
2Mm). Particle at rest, white

point, (q/m = 2
√

2, r/M = 3, Llsco− = 0).
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Perihelion advance in a conformastatic
magnetized spacetime

Value of the perihelion advance for a neutral test mass in the
gravitational field of a punctual mass, endowed with a magnetic
field.

∆ϕ =
5πGM

c2rc
. (31)

Value obtained for the Schwarzschild spacetime

∆ϕ =
6πGM

c2rc
. (32)

The perihelion advance around a punctual magnetic mass is
therefore always smaller than the value obtained in Einstein
gravity alone. We conclude that the perihelion advance permits
us to differentiate between a spherically symmetric mass and a
conformally symmetric punctual magnetic mass.
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