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Cherenkov radiation

relativistic charged particle

photon

When the phase velocity of  photon is smaller than the one of  a charged particle,  
radiation is emitted from the charged particle through the above process. 

…Cherenkov radiation



Gravitational Cherenkov radiation (GCR)

relativistic matter

GWWe can apply this idea to the gravitational field  
when the graviton’s phase velocity is less than 1.  

For example, consider ultra-high energy cosmic rays as a relativistic matter. 

because the energy of  cosmic rays decays through GCR during the propagation                                 

The observation of  cosmic rays gives a constraint on the phase velocity of  the graviton, 

   small sound speed will be restricted, but a large mass can avoid the restriction? 

Moore and Nelson (2001)
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ghost-free bigravity

In order to obtain a healthy bigravity, we have to tune the interaction form as

bigravity : gravitational theory which contains two gravitons interacting each other

de Rham, Gabadadze, Tolley (2011)
Hassan and Rosen (2012)
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while the other one is massive (helicity-2 + helicity-1 + helicity-0 modes) 
                             and its propagate speed can be differ from the light speed. 

two gravitons:

In general, this theory suffers from ghost. 

one is massless (helicity-2 mode) and propagates in the light speed, 
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cosmology in ghost-free bigravity
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and the speed of  light for the hidden metric                         is given asc̃ := na/N↵
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helicity-2 gravitons 
The effective action for helicity-2 mode can be written in the form of
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where we define

The dispersion relation is given as

x is positive (          )             !2
1 > k2 !2

2 < k2
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1, 2 > k2x is negative (          ) … no GCR

but                … 2nd mode emits as GCR 
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helicity-1 massive graviton 
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De Felice et al. (2013)



Energy emission of  GCR
The GCR energy emission is given as

The interaction Hamiltonian is given as

GW

cosmic ray

For simplicity, consider a complex scalar field as matter instead of  Dirac fermion.

A=T, V represents tensor and vector mode, respectively. 
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Result
The energy emission rate of  helicity-2 gravitons becomes

The energy emission rate of  helicity-1 graviton becomes
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(1� c2V) : GCR emission is suppressed for a small mass 

we obtain a upper bound for the effective mass me↵ . 100(1� c2V)
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because of  the coupling to the matter m2/M2
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Assuming that the cosmic ray with                      comes from                   , ct & 1Mpcp ⇠ 1011GeV



Constraint on ghost-free bigravity
 We present the excluded region in the         -               plane,me↵ (1� c2V)
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but it is out of  the mass range of  bigravity as an IR modification of  gravity.  



GCR of  helicity-0 graviton

The coupling squared between the scalar mode in Fierz-Pauli massive graviton                         
and matter in de Sitter background becomes

It is difficult to evaluate the helicity-0 GCR emission, since the dispersion relation is 
complicated because of  the mixing with the scalar matter field, but we estimate it             
as follows and expect that the GCR emission is suppressed enough.

Izumi and Tanaka (2007)

When the matter field is non-conformal,

Cosidering conformal scalar field as the matter field,

the coupling is not to be suppressed by the graviton’s mass squared,  
but to be suppressed by the ratio of  mass to momentum squared of  the matter field. 
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Summary
In the ghost-free bigravity, the phase velocities of  gravitons can be subluminal,                                  
and hence gravitational Cherenkov radiation gives a constraint on this model. 

It is hard to evaluate GCR of  the helicity-0 graviton because of  the complexity of               
the dispersion relation, but it also seems to be suppressed. 

In the ghost-free bigravity, GCR of  the helicity-2 gravitons is highly suppressed              
and ignorable, because of  the relation                           . 

The sound speed of  helicity-1 mode can be significantly subluminal, but this gives                     
just a weak upper bound for the graviton’s mass                                           , since               
the coupling between matter and helicity-1 mode is suppressed by               . 
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bigravity and Boulware-Deser ghost

This mode’s kinetic term  
has opposite sign!!

Boulware-Deser ghost
Boulware and Deser (1972)

In order to obtain healthy bigravity, we have to tune the interaction form 
                                              so that the ghost mode is removed by constraints.

The interaction term breaks general covariance for g 
fix f
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massive graviton

GR ( helicity-2 ) + 4 gauge breaking ( helicity-1, helicity-0, helicity-0 )  

bigravity : gravity which contains two interacting gravitons



ghost-free bigravity
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Choosing the form of  the interaction as

de Rham, Gabadadze, Tolley 
                                      (2011)

Then Hamiltonian becomes linear in N, L, Li.
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One of  the Hamiltonian constraints kills BD ghost.
Hassan and Rosen (2012)

conjugate momentum

ADM decomposition
N�2 = �g00 , Ni = g0i , �ij = gij ,

L�2 = �f00 , Li = f0i ,
3fij = fij .

define new shift-like vector        
and rewrite       with niN i

ni



Cosmological solution in ghost-free bigravity

⇢ no Higuchi ghost

Higuchi ghost

ω : ratio of  scale factors  
of  two metric 

no Higuchi ghost

gradient instability  
  in matter or rad dominated era.

⇢̄ s.t. H (⇢̄) � m



Higuchi ghost in dRGT bigravity
In dRGT model, equation for the de Sitter solution insists
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ω : ratio of  scale factor  
of  two metric effective mass for massive graviton 

For flat vacuum solution, H→0 as ω→ω0 where ρm(ω0)→0, 

this sign determines the ghost appearance

negative when Γ >0 i.e. meff2 >0

no Higuchi ghost



Higuchi ghost in dRGT bigravity
In dRGT model, equation for the de Sitter solution insists
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ω : ratio of  scale factor  
of  two metric effective mass for massive graviton 

this sign determines 
 the ghost appearance

flat vacuum H = 0, ρ = 0

ω 

⇢

no Higuchi ghostHiguchi ghost

f 0 = 0

!0
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Higuchi ghost in dRGT bigravity

ω : ratio of  scale factor  
of  two metric 

⇢
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de Sitter solution does not exist above this critical density,  
and Higuchi ghost appears after crossing the critical ω.

Higuchi ghost appears
adding cosmological const. little by little

…no Higuchi ghost

choose the branch connected to the vacuum flat spacetime  
                                        with positive graviton mass 

!c


