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Wave Equation, Wave Maps

Wave equation for a scalar u : R× R2 → R

�gu : = −∂2
t u + ∂2

x1 u + ∂2
x2 u = 0.

Generalize to wave maps U : (M, g)→ N, (N, h) a Riemannian
manifold.

�gU
i + (h)Γi

jkg
µν∂µU

j∂νU
k = 0

A natural geometric generalization, N = Rn reduces to wave equation

Semilinear hyperbolic 2nd order PDE (exhibits causality)

Satisfies the (strong) null condition

H1 data is critical.
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The Cauchy Problem

Let Σ be the initial Cauchy surface and X be its unit normal, then the
Cauchy problem of wave maps is the following

�gU
i + (h)Γi

jkg
αβ∂αU

j∂βU
k = 0 on M

U|Σ = U0

T(U)|Σ = U1

 (1)

such that

U0 : Σ→ N

p → U0(p)

and

U1 : Σ→ TU0N

p → TU0(p)N

for p ∈ Σ.
Nishanth Gudapati (Yale) 13 July 2016, Columbia 3 / 12



Previous Results in M = Rm+1

Many deep, beautiful results.

Interplay of various fields of mathematics.
Non-exhaustive list here

Christodoulou, Shatah, Tahvildar-Zadeh, Tao, Klainerman, Machedon,
Selberg, Rodnianski, Raphael, Tataru, Sterbenz, Struwe, Nahmoud,
Stefanov, Uhlenbeck, Merle, Kenig, Krieger, Schlag, Lawrie etc.
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Critical Einstein-Wave Map System

Previous discussion was on a fixed background M, namely Rm+1.

Now
consider a more general situation

Eµν : = Rµν −
1

2
Rggµν = αTµν (2)

�gU
i +

(h)
Γi
jkg

µν∂µU
j∂νU

k = 0 (3)

R Ricci tensor, E Einstein tensor of (M, g)

Dynamical background (M, g)

John Wheeler “ Spacetime tells matter how to move; matter tells
spacetime how to curve ”
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Cauchy Problem of Critical Einstein Equivariant Wave Map
System

Eµν = αTµν on M2+1

�gu = k2fu(u)f (u)
r2 on M2+1

U|Σ = U0

T (U)|Σ = U1

 (4)

Initial data (Σ, q,K,U0,U1) smooth, compactly supported and satisfying
constraint equations. In what follows assume k (homotopy degree) = 1
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2+1 EEWM System

In double null-coordinates:

r−1(2∂ξZ∂ξr − ∂2
ξ r) =∂ξu ∂ξu (5)

r−1∂2
ξηr =

e2Z

4

f 2(u)

r2
(6)

r−1(2∂ηZ∂ηr − ∂2
ηr) =∂ηu ∂ηu, (7)

−4r2 e−2Z∂2
ξηZ =

r2

2

(
4e−2Z∂ηu∂ξu +

f 2(u)

r2

)
(8)

�g(u)u =
fu(u)f (u)

r2
. (9)
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Global Existence for small data

Theorem

Suppose (M, g ,U) is the globally hyperbolic, maximal development of the
initial data of the 2+1 equivariant Einsten-wave map system (Σ0, q0,K0)
with E0 < ε2 for ε sufficiently small, with∫ u

0
f (s)ds →∞ as u →∞

then (M, g ,U) is geodesically complete with global regularity.

Nishanth Gudapati (Yale) 13 July 2016, Columbia 8 / 12



Steps in the proof

Joint with Andersson and Szeftel

Set up and smallness from non-concentration of energy (PhD Thesis,
2014)

Reduction to a ’semilinear’ problem in null coordinates (blackboard)

Bootstrap assumption: supQξb
|∂ξu| < C , this implies

supQξb
r−δu < C , δ ∈ (0, 1

2 )

Improve this to δ = 1
2 using the fundamental solution

Apply the operator D : = ∂R + 1
R to the wave equation and use the

fundamental solution again to obtain uniform bound for u
r

Finally, transform the wave equation to a critical wave equation in
4 + 1 dimensions for v ∼ u

r

Use energy estimates for the wave equation for v to prove global
regularity.

Global regularity for u follows
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Scattering

Joint with Dodson.

Morawetz esimate 1:∫
R

∫
R4

1

|x |3
v2µ̄ǧ ≤ ‖v0‖Ḣ1(R)4 + ‖v1‖L2(R)4 (10)

Morawetz estimate 2:∫
R

∫
|x |<ρ

ěµ̄ǧ ≤ ρ
(
‖v0‖Ḣ1(R4) + ‖v1‖L2(R4)

)
. (11)

‖v‖X ≤ ‖v0‖Ḣ1(R4) + ‖v1‖L2(R4) + ‖F‖Y . (12)

Scattering:
‖v‖L2L8(R×R4) <∞
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Concluding remarks

Stability of Minkowski for polarized case: Huneau (2014, 2015),
based on decay estimates in harmonic coordinates
(Lindblad-Rodnianski, 2004).

Blow-up profile, soliton solutions

Black hole stability problem

Super-critical EWM system.
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Thank you, glad to be here
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