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INTRODUCTION TO PARTIAL MASSLESSNESS

FI1ERZ-PAULI THEORY ON EINSTEIN SPACE-TIMES

EINSTEIN SPACE-TIMES

Ry =Aguw, R=4A.

LINEAR EQUATIONS OF MOTION FOR A MASSIVE SPIN-2 FIELD

m2

0B = € hpo — A(h/w - %hguv) + 7(}7'/“1 - hg;w) =0

with
Eu" hpo = — L [8007V2 4+ gP7V .V, — SEVIV, — 85V — guunfT V2 + 94, VPV hpo

v

@ A massive graviton should propagate 2s + 1 = 5 degrees of freedom.
> V”(SEHV = 4 vector constraints : V*h,,, — V,h = 0.
> Taking another divergence : C = 2VHVYSE,, + m2gtYdE,, = mTQ (A — M)h =0.

> Scalar constraint h = 0 in general.
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INTRODUCTION TO PARTIAL MASSLESSNESS

PARTIAL MASSLESSNESS ON EINSTEIN SPACE-TIME

c=2(Vrv 4+ 29 ) B, = % (A= 222 ) =0

PARTIAL MASSLESSNESS

m’ = — = C =0 identically.

> The field equations §E,, and the quadratic action S ~ [ d*z h*” §E,,, are invariant
under an additional scalar gauge symmetry :

m2
Ah,u,u = (vuvu + 79#11) C(.’L‘)

> Four propagating degrees of freedom = partially massless graviton.
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INTRODUCTION TO PARTIAL MASSLESSNESS

PARTIAL MASSLESSNESS ON EINSTEIN SPACE-TIME

c=2(Vrv 4+ 29 ) B, = % (A= 222 ) =0

PARTIAL MASSLESSNESS

m° = — = C =0 identically.

> The field equations §E,, and the quadratic action S ~ [ d*z h*” §E,,, are invariant
under an additional scalar gauge symmetry :

m2
Ah,uu = (vuvu + 79;“1) C(.’L‘)
> Four propagating degrees of freedom = partially massless graviton.

HIGUCHI BOUND

> m? > % — 5 dof, stable,
> m? = % — 4 dof, stable PM graviton,
> m? < % == 5 dof, but the scalar one is the Higuchi ghost = unstable.
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INTRODUCTION TO PARTIAL MASSLESSNESS

TOWARDS A NON-LINEAR THEORY FOR PARTIAL MASSLESSNESS

MOTIVATIONS

@ Old cosmological constant problem :
o A ~ m?2 protected by a symmetry.
o technically natural : m? ~ 0 restaure diffeomorphism invariance.

@ No scalar dof = no vDVZ discontinuity.

@ GR is a non-linear theory = non-linear massive spin-2 theory.
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INTRODUCTION TO PARTIAL MASSLESSNESS

TOWARDS A NON-LINEAR THEORY FOR PARTIAL MASSLESSNESS

MOTIVATIONS

@ Old cosmological constant problem :
o A ~ m?2 protected by a symmetry.
o technically natural : m? ~ 0 restaure diffeomorphism invariance.

@ No scalar dof = no vDVZ discontinuity.

@ GR is a non-linear theory = non-linear massive spin-2 theory.

THE DRGT MASSIVE GRAVITY THEORY

S = Mj/d‘*x 9l [R(g) = 2m°V (S:8)],  with V(S B) = Zﬁnen

n
> Auxiliary metric f,., square-root matrix S*, = [ g—lf] ,
v

> en(S) elementary symmetric polynomials :

eo($)=1, eu(S)=Ts], ea(s)= 3 (TSP ~T[s?),

es(S) = é(Tr[S]3 — 3T(S]TR[S?] + 2T(5°]) . ea(S) = det(S).
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PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

METHODOLOGY

OUR GOAL

Find a theory for a partially massless graviton propagating on (more) general
backgrounds than Einstein’s.
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PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

METHODOLOGY

OUR GOAL

Find a theory for a partially massless graviton propagating on (more) general
backgrounds than Einstein’s.

@ We start from the linearized massive gravity field equations around a general
background space-time, obtained from the dRGT action with 83 = 0,

0B, = 0Gu, +m* 6V, =0,
@ We write the five covariant constraints and look for space-times for which the scalar
constraint vanishes identically.

@ This is our candidate for partial masslessness and we determine the additional scalar
gauge symmetry associated to it.

LAURA BERNARD (IAP, GReCO) PARTIALLY MASSLESS GRAVITON ON SPACE-TIMES BEYOND EINSTEIN



PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

OUR STARTING POINT

THE BACKGROUND

> We consider the metric perturbation d¢g,. around an arbitrary background
space-time g,,..

> We define the matrix S*, by the implicit background relation

Ry =m’ Kﬁo + %ﬂwl) Guv + (B + Bae1) Suv — Ba[S”| v
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PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

OUR STARTING POINT

THE BACKGROUND

> We consider the metric perturbation d¢g,. around an arbitrary background
space-time g,,..

> We define the matrix S*, by the implicit background relation

Ry =m’ Kﬂo + %ﬁwl) guv + (B1 + Baer) S — Ba[S?]

THE LINEARIZED FIELD EQUATIONS

6B, = 0Gu, +m?6V,, =

@ No assumption on the unique and arbitrary background metric,
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PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

OUR STARTING POINT

LINEARIZED FIELD EQUATIONS

0E,, = 6Gu + m26VNV =0.

where
G = —1 [5555V2 + 0PV — 8OV, — 80V, — gung” Y
40, VPV + gu RP — 55533] 59pe
and
1 (e o
5V,u,u = (ﬂO + ﬁlel + 5262) 69;_“/ - 5 (51 + 5261) (S uéguo' + S u(sgpa)
1 - 1 o 1 o
— 5 (Bu+ B2e1) 9uv S 8gps + 5 S S*7 0000 + 5040 [S°]7 0,0
1 o (e
D) (B1 + B2e1) (55 9o + 08 ,,gw) .
with

4 k-1
XT3 ST ()M eamw(S)SF T 268%™
k=1m=0

m

68 =

N | =
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THE COVARIANT CONSTRAINTS

THE VECTOR CONSTRAINT
VY6E,, =0. J




PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

THE COVARIANT CONSTRAINTS

THE VECTOR CONSTRAINT

V6B, =0.

THE SCALAR CONSTRAINT
@ We define the generalized traces and divergences of 0E,, by :

®, =[S 6B, 0<i<3,
U, =[SV, V*6Ey,, 0<i<3.

@ The scalar constraint is

m? B es

C= 5

By +m* Boea® +e3 Vg —ea Uy +e3 Uy — U3 =0.
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PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

THE COVARIANT CONSTRAINTS

THE VECTOR CONSTRAINT

V6B, =0.

THE SCALAR CONSTRAINT
@ We define the generalized traces and divergences of 0E,, by :

®, =[S 6B, 0<i<3,
U, =[SV, V*6Ey,, 0<i<3.

@ The scalar constraint is

m? B es

C= 5

By +m* Boea® +e3 Vg —ea Uy +e3 Uy — U3 =0.

Massive graviton propagating at most five degrees of freedom on an arbitrary background
space-time.
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PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

PARTIALLY MASSLESS GRAVITON ON MORE GENERAL BACKGROUNDS

OUR SYSTEM OF EQUATIONS

@ The background equation linking the Ricci tensor and the metric to the matrix S

Ry, = m? [(ﬁo + %5161) guv + (B1 + Baer) S — BQ[SQ}W s

@ The scalar constraint

¢ =m? (A + A7) gar + BLAV 8gsn = 0.

v

> AP and BfX are complicated expressions containing only derivatives of S : V,S5,.,
VoVpSuv,

> AP depends only on S :
1 1
A = [ (808 + Botaer + g0er ) g+ (2o = 57 - 2+ et ) 5™
- B3er[57)]
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PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

SIMPLIFYING THE ANALYSIS

> We now restrict to the case V,S,, = 0, which implies V,R,, = 0.

RICCI SYMMETRIC SPACE-TIMES : V,R,, =0
o of Petrov type N : restricted pp-waves with R = 0,
o of Petrov type O : vanishing Weyl tensor, conformally flat.

o of Petrov type D : 242 decomposable.
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PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

SIMPLIFYING THE ANALYSIS

> We now restrict to the case V,S,, = 0, which implies V,R,, = 0.

RICCI SYMMETRIC SPACE-TIMES : V,R,, =0
o of Petrov type N : restricted pp-waves with R = 0,
o of Petrov type O : vanishing Weyl tensor, conformally flat.
o of Petrov type D : 242 decomposable.

OUR EQUATIONS

R, = m? |:<ﬁo + %,6161) Guv + (B1 + B2e1) Suv — 52[5’2],w:| )

C=m?A gz, =0.

v

AP =m? [(ﬂm + BoBzer + %Bfel) " + (—25062 - %Bf —2B5es + ﬁief) s ﬁ%el[sﬂ’“]
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PARTIALLY MASSLESS GRAVITON ON GENERAL BACKGROUNDS

SIMPLIFYING THE ANALYSIS

> We now restrict to the case V,S,, = 0, which implies V,R,, = 0.

RICCI SYMMETRIC SPACE-TIMES : V,R,, =0
o of Petrov type N : restricted pp-waves with R = 0,
o of Petrov type O : vanishing Weyl tensor, conformally flat.
o of Petrov type D : 242 decomposable.

OUR EQUATIONS

R, = m? |:<ﬂo + %ﬁlel) Guv + (B1 + B2e1) Suv — 52[52]uu:| )

C=m?A gz, =0.

v

AP =m? [(ﬂoﬁl + BoBzer + %Bfel) " + (—25062 - %Bf —2B5es + ﬁ%ef) s ﬁ%el[sﬂ’“]

> Several solutions of Petrov type D and O more general than Einstein
space-times.
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REVERSE ANALYSIS

CONSTRUCTIVE APPROACH

> Ricci symmetric space-times : V, R, =0 = [R?],. = r1guw + 2R

MORE GENERAL FIELD EQUATIONS

6E;u/ = 6g;u/ + a1 6guu + a2 guugpddgpa +b (Rﬁégup + Rgégﬂﬂ) + b2 guuRpU(sgpa
+ b3 Ruugpdégpo’ + by RWRPUCSQW + bs RZRS(sng
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REVERSE ANALYSIS

CONSTRUCTIVE APPROACH

> Ricci symmetric space-times : V, R, =0 = [R?],. = r1guw + 2R

MORE GENERAL FIELD EQUATIONS

6E;uz = 6g;u/ + a1 69#1/ + a2 gpugpofsgpa + b (Rﬁégup + R%gw) + ba gWRpU(Sng
+ b3 Ruugpd(sgpa + by Ruvaaégpo’ + bs RZRg(sgpa

MORE GENERAL SCALAR CONSTRAINT

C=coV'V"6Eu +c1 RyV°V"6E,, + c2 " 0Eu + cs R"0E,, =0
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REVERSE ANALYSIS

CONSTRUCTIVE APPROACH

> Ricci symmetric space-times : V, R, = 0 = [R?],0 = r1guw + 2Ry

MORE GENERAL FIELD EQUATIONS

8Eww = 6Guw + a1 6guu + a2 guv g’ 6gpo + b1 (RESGup + RESGp) + b2 9w R 8gp0
+ b3 R,ul/gpg(;gpo- + b4 R;WRPU(sgpg + bS RﬁRgtsng

MORE GENERAL SCALAR CONSTRAINT

C=coV'V"OEu +c1 RyV°V"SE,, + c2 9" 0Eu + cs R*0E,, =0

We then restrict the parameter space by imposing that
O the action S = M, [ d*z\/=—gdg""dE,. is symmetric (i.e. give back §E,,, = 0),
@ the scalar constraint is indeed a constraint and vanishes identically.
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REVERSE ANALYSIS

CONSTRUCTIVE APPROACH

> Ricci symmetric space-times : V, R, = 0 = [R?],0 = r1guw + 2Ry

MORE GENERAL FIELD EQUATIONS

0By = 0Gu + a1 0guw + a2 guv g’ 0gps + b1 (degw + Rﬁégﬂp) + 02 g R 0900
+ b3 R;u/gpa(sgpo' + b4 RuuRpo(sgpcr + bs RZRZ(SQPO'

MORE GENERAL SCALAR CONSTRAINT

C=coV'V"OEu +c1 RyV°V"6E,, + c2 9" 0Eu + cs R*0E,, =0

We then restrict the parameter space by imposing that
O the action S = M, [ d*z\/=—gdg""dE,. is symmetric (i.e. give back §E,,, = 0),
@ the scalar constraint is indeed a constraint and vanishes identically.

> There exists partially massless solutions of Petrov-type N, O and D for more
general equations than the ones coming from dRGT massive gravity.
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SUMMARY & PROSPECTS

SUMMARY & PROSPECTS

PARTIAL MASSLESSNESS

> Starting from the linearized field equations we study partial masslessness by studying
the Lagrangian constraints.

> We have found several backgrounds more general than Einstein for which the scalar
constraints identically vanishes. These are backgrounds on which a partially massless
graviton propagates.

> Reverse constructive approach = Partial masslessness for more general field
equations than the ones coming from the dRGT action.
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SUMMARY & PROSPECTS

SUMMARY & PROSPECTS

PARTIAL MASSLESSNESS

> Starting from the linearized field equations we study partial masslessness by studying
the Lagrangian constraints.

> We have found several backgrounds more general than Einstein for which the scalar
constraints identically vanishes. These are backgrounds on which a partially massless
graviton propagates.

> Reverse constructive approach = Partial masslessness for more general field
equations than the ones coming from the dRGT action.

PROSPECTS

> Perform a general background analysis (i.e. not restricted to Ricci symmetric
background) ?

> Does there exist a fully non-linear partially massless gravity theory ?

> Is dRGT the more general massive gravity theory ?
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