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Tes ng gravitomagne sm with clocks
The gravitomagne c field of the Earth which within General Rela vity is
related to the rota on of the Earth has been observed by satellite orbits
(LAGEOS, LARES) as well as by the precession of a spinning top (GP-B). Being
encoced in the space- me metric its gravitomagne c components should also
have an effect on clocks. This has first been observed by Cohen and Mashoon
for a pair of satellites counter-orbi ng the Earth. We report on a
generaliza on of this effect for arbitrary pairs of satellites [Phys. Rev. D 90,
044059 (2014)]. This may also be used for tes ng gravitomagne sm using
pulsar ming. In addi on to that, we will show that clocks on Earth are also
sensi ve to the gravitomagne c field. Clock networks which are in the state of
being established around the world will be crucial for that. We also can use a
comparison of clocks in space with clocks on Earth in order to measure the
gravitomagne c field. For each case we calculate the effect and discuss the
measurability.
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Performance of clocks
Op cal clocks and fiber networks achieved the accuracy level to provide
differences of the gravity poten al corresponding to 1 cm in height


▶ Op cal clocks
▶ accuracy 5 ⋅ 10−18 (Bloom et al, Nature 2014)
▶ stability 1.6 ⋅ 10−18 (Hinkley et al, Science 2013)


▶ Clock comparison
▶ Op cal fibers on Earth: stability ∼ 10−19 (Droste et


al, PRL 2013)
▶ Op cal links to satellites: stability


∼ 10−14 … 10−15
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Rela vis c clock comparison effects effects


effect term on Earth for satellites


longitudinal Doppler 𝑣/𝑐 negligible ≤ 10−2 per day


transversal Doppler 𝑣2/𝑐2 Earth rota on ≤ 10−5 s per day


Sagnac effect 𝜔ΩΣ/𝑐2 up to 10−13 ∼ 10−7 s per orbit


1st order grav. redshi Δ𝑈/𝑐2 up to 10−14 ∼ 10−7 s per day


2nd order grav. redshi (Δ𝑈/𝑐2)2 negligible ∼ 10−14 s per day


gravita onal me delay ∼ 𝐺𝑀
𝑐2 ln 𝑟1𝑟2


𝑏2 negligible ∼ 10−11 s


gravitomagn. clock effect 𝐽/𝑀𝑐2 measurable(?) ∼ 10−7 s per orbit


relevant effects have to be included in TAI and in Galileo (∼ 10 km/day)
in general, most of these effects cannot be strictly separated – this is possible
only for weak fields
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The gravitomagne c field


leads to
▶ precession of orbital plane: Lense-Thirring effect (LAGEOS, LARES –


Ciufolini)
▶ precession of classical spin: Schiff effect (GP-B – Everi et al PRL 2012)
▶ could be measured by atom interferometry (HYPER)
▶ precession of quantum spin (Hehl)
▶ gravitomagne c clock effect (Cohen & Mashhoon, PLA 1993, Hackmann &


C.L., PRD 2014)
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The Kerr solu on
Einstein equa on


𝑅𝜇𝜈 − 1
2𝑔𝜇𝜈𝑅 = 8𝜋𝐺


𝑐4 𝑇𝜇𝜈


solu on of Einstein field equa on describing a rota ng black hole: Kerr metric


𝑑𝑠2 = Δ
𝜌2 (𝑑𝑡 − 𝑎 sin2 𝜃𝑑𝜑)2−𝜌2


Δ 𝑑𝑟2−sin2 𝜃
𝜌2 (𝑎𝑑𝑡 − (𝑟2 + 𝑎2)𝑑𝜑)2−𝜌2𝑑𝜃2


where


𝜌2 = 𝑟2 + 𝑎2 cos2 𝜃
Δ = 𝑟2 + 𝑎2 − 2𝑀𝑟


𝑀 mass of the black hole, 𝑎 specific angular momentum
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Geodesics and conserva ons laws
geodesic equa on


0 = 𝑑2𝑥𝜇


𝑑𝑠2 + { 𝜇
𝜌𝜎 } 𝑑𝑥𝜌


𝑑𝑠
𝑑𝑥𝜎


𝑑𝑠
existence of four constants of mo on
▶ energy per unit mass


𝐸 ∶= 𝑔𝑡𝑡 ̇𝑡 + 𝑔𝑡𝜑�̇�
▶ angular momentum per unit mass in 𝑧 direc on


𝐿𝑧 ∶= −𝑔𝜑𝜑�̇� − 𝑔𝑡𝜑 ̇𝑡


where the dot denotes a deriva ve with respect to the proper me 𝑠
▶ normaliza on 𝜖 = 𝑔𝜇𝜈 ̇𝑥𝜇 ̇𝑥𝜈 with 𝜖 = 1 for melike and 𝜖 = 0 for null


geodesics
▶ Carter constant 𝒞 and 𝐾 with 𝒞 = 𝐾 − (𝑎𝐸 − 𝐿𝑧)2 such that 𝒞 = 0 or


𝐾 = (𝑎𝐸 − 𝐿𝑧)2 corresponds to mo on confined to equatorial plane
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Solu on of the geodesic equa on
geodesic equa on equivalent to Hamilton–Jacobi equa on


2𝜕𝑆
𝜕𝜏 = 𝑔𝑖𝑗 𝜕𝑆


𝜕𝑥𝑖
𝜕𝑆
𝜕𝑥𝑗


separa on ansatz


𝑆 = 1
2𝜖𝑠 − 𝐸𝑡 + 𝐿𝑧𝜑 + 𝑆𝑟(𝑟) + 𝑆𝜃(𝜃)


▶ inser on into Hamilton–Jacobi
▶ separa on of 𝑟 and 𝜗 equa ons
▶ separa on constant = 𝐾 = Carter constant (Carter, PR 1968)
▶ introduc on of Mino me 𝜏 through 𝑑𝜏 = 𝜌2𝑑𝑠 (Mino, PRD 2003)
▶ renormaliza on: all quan es in units of 𝑟𝑆
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Solu on of the geodesic equa on
separa on of geodesic equa on


( 𝑑𝑟
𝑑𝜏 )


2
= ℛ2 − Δ(𝜖𝑟2 + 𝐾) =∶ 𝑅(𝑟)


( 𝑑𝜃
𝑑𝜏 )


2
= 𝐾 − 𝜖𝑎2 cos2 𝜃 − 𝒯2


sin2 𝜃 =∶ Θ(𝜃)
𝑑𝜑
𝑑𝜏 = 𝑎ℛ


Δ − 𝒯
sin2 𝜃 =∶ Φ𝑟(𝑟) + Φ𝜃(𝜃)


𝑑𝑡
𝑑𝜏 = (𝑟2 + 𝑎2)ℛ


Δ − 𝑎𝒯 =∶ 𝑇𝑟(𝑟) + 𝑇𝜃(𝜃)
with


ℛ = (𝑟2 + 𝑎2)𝐸 − 𝑎𝐿𝑧 , 𝒯 = 𝑎𝐸 sin2 𝜃 − 𝐿𝑧
▶ equa ons can be solved completely and explicitly in a closed analy c form


by Weierstraß ellip c func ons (Hackmann, PhD thesis 2009)
▶ can be extended to the whole class of Plebański-Demiański black hole


space- mes (Hackmann, Kagramanova, Kunz, C.L., EJPL 2009) using
hyperellip c func ons, and to further space- mes
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Why clock effect?


▶ clock effects are a par cular feature of rela vity
▶ LT effect can be mimicked in Newtonian gravity with 𝐽2 term – need clocks


in order to dis nguish Newton from GR, same holds for Perihelion shi
▶ in generalized theories of gravity orbital effects may differ from me effects


(could also be true for SR: Michelson-Morley vs. Ives-S lwell)


What is a clock?
A clock is a standard clock as defined by V. Perlick (V. Perlick, GRG 1987)
▶ a standard clock is a par cular parametriza on of a worldline so that the


measured rela ve accelera on of passing freely falling par cles does not
depend on themeasured rela ve velocity of these par cles (is just UFF)


▶ the me of a standard clock is given by 𝑠 = ∫ √𝑔𝜇𝜈𝑑𝑥𝜇𝑑𝑥𝜈


in not too strong gravita onal fields atomic clocks are an extremely good
realiza on of standard clocks
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Observables: for bound orbits
For bound orbits
▶ two oscillatory coordinates: 𝑟 and 𝜗 (generalized Lissajous figures)
▶ two (secularly) increasing coordinates: 𝑡 and 𝜑


Periods


▶ radial period


𝜔𝑟 = 2 ∫
𝑟max


𝑟
min


𝑑𝑟√
𝑅


is me needed to go from 𝑟min to 𝑟min
▶ polar angle period


𝜔𝜗 = 2 ∫
𝜗max


𝜗
min


𝑑𝑟√
Θ


is me needed to go from 𝜗min to 𝜗max


𝑟min 𝑟max


𝜗max


𝜗min


𝑧


𝑟
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Observables: for bound orbits


Secular increases


▶ secular me increase


𝑌𝑡 = ⟨ 𝑑𝑡
𝑑𝜏 ⟩ = 2


𝜔𝑟
∫


𝑟max


𝑟
min


ℎ(𝑟) 𝑑𝑟√
𝑅


+ 2
𝜔𝜗


∫
𝜗max


𝜗
min


𝑗(𝜗) 𝑑𝑟√
Θ


▶ secular azimuthal increase


𝑌𝜑 = ⟨𝑑𝜑
𝑑𝜏 ⟩ = 2


𝜔𝑟
∫


𝑟max


𝑟
min


𝑓(𝑟) 𝑑𝑟√
𝑅


+ 2
𝜔𝜗


∫
𝜗max


𝜗
min


𝑔(𝜗) 𝑑𝑟√
Θ


orbital frequencies (Drasco & Hughes, PRD 2004; Schmidt, CQG 2004)


Ω𝑟 = 2𝜋
𝑌𝑡𝜔𝑟


, Ω𝜗 = 2𝜋
𝑌𝑡𝜔𝜗


, Ω𝜑 = 𝑌𝜑
𝑌𝑡


▶ angular velocity of 𝑟–oscilla ons
▶ angular velocity of 𝜗–oscilla ons
▶ secular azimuthal angular velocity
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Observables: for bound orbits
observables: self referen al comparison, invariant


The observables


▶ periastron shi


Δperiastron ∶= Ω𝜑 − Ω𝑟 = (𝑌𝜑 − 2𝜋
𝜔𝑟


) 1
𝑌𝑡


▶ Lense–Thirring effect


ΔLense-Thirring ∶= Ω𝜑 − Ω𝜗 = (𝑌𝜑 − 2𝜋
𝜔𝜗


) 1
𝑌𝑡


explicit evalua on by complete hyperellip c integrals in all
Plebański-Demiański space- mes (Hackmann & C.L. PRD 2012)
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Fundamental frequencies
from averaged quan es: coordinate me for a revolu on of 2𝜋


𝑡(2𝜋) = 2𝜋 𝑌𝑡
𝑌𝜑


▶ Newtonian limit: Kepler law 𝑡(2𝜋) = 2𝜋√ 𝑎3
𝐺𝑚


▶ with 𝐽 = 0 the Schwarzschild expression is recovered given in Hackmann &
C.L., PRD 2012


new defini on of a fundamental frequency for the proper me


𝑌𝑠 ∶= 2
𝜔𝑟


∫
𝑟𝑎


𝑟𝑝


𝑟2𝑑𝑟
√𝑅(𝑟)


+ 2
𝜔𝜃


∫
𝜃max


𝜃
min


𝐽2 cos2 𝜃𝑑𝜃
√Θ(𝜃)


gives proper me for a revolu on of 2𝜋


𝑠(2𝜋) = 2𝜋 𝑌𝑠
𝑌𝜑
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Special gravitomagne c clock effect


▶ clocks in counterpropaga ng circular orbits (Cohen and Mashhoon 1993)


𝑠+ − 𝑠− ≈ 4𝜋 𝐽
𝑀𝑐2


where 𝑠+ is the proper me of the corota ng and 𝑠− of the
counterrota ng clock


▶ for satellites orbi ng the Earth Δ𝑠 ≈ 10−7 𝑠 per revolu on
▶ generaliza on to inclined eccentric orbits (Mashhoon et al 2001)


𝑠+ − 𝑠− ≈ 4𝜋 𝐽 cos 𝑖
𝑀𝑐2 [ −3√


1 − 𝑒2 + 4 − 2 cos2 𝜑0 tan2 𝑖
(1 + 𝑒 cos(𝜑0 − 𝑔))2 ]


𝑖 inclina on, 𝑒 eccentricity, 𝑔 argument of the pericenter, 𝑣0 = 𝜑0 − 𝑔0 is
the true anomaly at 𝑡 = 0


we want to compare the proper mes of arbitrary orbits ... →
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General gravitomagne c clock effect
observable for the gravitomagne c clock effect for arbitrary orbits


New observable (Hackmann & CL, PRD 2014)
for two geodesics in Kerr space- me: define a new observable


Δ𝑠gm(𝐽) ∶= 𝑠1(±2𝜋; 𝐽) + 𝛼 𝑠2(±2𝜋; 𝐽)


𝛼 is given such that the usual gravitoelectric effects cancel


▶ 𝛼 can be calculated from orbital data: compute energies 𝐸𝑛, angular
momenta 𝐿𝑧,𝑛, Carter constants 𝐾𝑛 (all depend on angular momentum
𝐽 )


▶ determine 𝐸𝑛(0), 𝐿𝑧,𝑛(0), and 𝐾𝑛(0) by se ng 𝐽 = 0 and 𝑠𝑛(2𝜋; 0). 𝛼
can be determined through Δ𝑠gm = 0 for 𝐽 = 0


0 = Δ𝑠gm(𝐽 = 0) = 𝑠1(±2𝜋; 0) + 𝛼𝑠2(±2𝜋; 0)
and, therefore,


𝛼 = −𝑠1(±2𝜋; 0)
𝑠2(±2𝜋; 0)
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The gravitomagne c clock effect on satellites
special case: for counterpropaga ng circular mo on
▶ 𝛼 = −1
▶ effect to first order in 𝐽


Δ𝑠gm = 𝑠+(2𝜋) − 𝑠−(−2𝜋)


= 4𝜋𝐽√ 𝑟
𝑟 − 3 + 𝒪(𝐽2)


≈ 4𝜋𝐽


for large 𝑟
▶ gives the old result in dimensionless quan es
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Applica on to GNSS satellites
it is possible to measure the gravitomagne c clock effect using two satellites in
arbitrary geodesic orbits with clocks with stabili es of about 10−14 over 104 s
▶ Galileo: circular orbit with radius 𝑟𝐺 = 29593 km, inclina on 56∘ from


equatorial plane
▶ COMPASS: circular orbit with radius of 𝑟𝐶 = 42157 km, inclina on ∼ 0∘


from equatorial plane
then


𝛼 ≈ −0.588
gravitomagne c clock effect


Δ𝑠gm = 𝑠𝐺(2𝜋; 𝐽
Earth


) + 𝛼𝑠𝐶(2𝜋; 𝐽
Earth


) ≈ −7.46 × 10−8 𝑠
▶ analysis should be generalized to real satellite orbits: complex gravita onal


field of Earth should be taken into account
▶ discussion of requirements on tracking of satellites (∼ 3 cm) and the


devia on from ideal orbit (Mashhoon et al 1999)
▶ signals between satellites
▶ can also be applied to pulsar ming, with two pulsars orbi ng a black hole
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Clock networks


▶ fully rela vis c descrip on of clocks
taking into account all rela vis c
effects as far as necessary


▶ descrip on of clock networks
▶ analysis of stability resp. error sources


(e.g. geometry)
(see, e.g., Schiller, PRA 2013)


▶ analyzing advantages/ disadvantages
of different geometries for various
purposes


▶ geode c modeling of me-dependent
varia ons at clock sites


▶ may be extended to quantum
networks (e.g. Komar et al, Nature
2014)
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A par cular setup


𝑥
𝑦


𝑧


equatorial plane


𝜆


𝜑
𝑒′


1


𝑒′
2


𝑒′
3


𝑒3
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Clocks on Earth
metric of the rota ng Earth modelled through Kerr metric
metric on rota ng Earth: 𝑟 = 𝑅 and 𝜑 → 𝜑 − Ω𝑡


𝑑𝑠2 = Δ
𝜌2 (𝑑𝑡 − 𝑎 sin2 𝜗(𝑑𝜑 − Ω𝑑𝑡))2 − 𝜌2𝑑𝜗2


−sin2 𝜗
𝜌2 (𝑎𝑑𝑡 − (𝑟2 + 𝑎2) (𝑑𝜑 − Ω𝑑𝑡))2


▶ clock on North pole (𝜗 = 0)


𝑑𝑠2
pole = Δ


𝜌2 𝑑𝑡2 = 𝑅2 + 𝑎2 − 2𝑀𝑅
𝑅2 + 𝑎2 𝑑𝑡2


▶ clock on Equator (𝜗 = 𝜋
2 )


𝑑𝑠2
equator = (1 − 2𝑀


𝑅 ) 𝑑𝑡2+4𝑎𝑀
𝑅 Ω𝑑𝑡2−𝑅2Ω2𝑑𝑡2−𝑎2 (1 + 2𝑀


𝑅 ) Ω2𝑑𝑡2 .


28/36 Gravitomagne c clock effect on Earth







Clocks on Earth
clock comparison


𝑑𝑠pole − 𝑑𝑠equator = (√1 − 2𝑀𝑅
𝑅2 + 𝑎2


−√1 − 2𝑀
𝑅 − (𝑅2 + 𝑎2 + 2𝑀𝑎2


𝑅 ) Ω2 + 4𝑀𝑎
𝑅 Ω) 𝑑𝑡


= (√1 − 2𝑀
𝑅 − √1 − 2𝑀


𝑅 − Ω2𝑅2


−2 𝑀𝑎Ω
𝑅√1 − 2𝑀


𝑅 − Ω2𝑅2
+ 𝑂(𝑎2)⎞⎟⎟


⎠
𝑑𝑡
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Clocks on Earth
essen al part is


𝑑𝑠𝑎 = 2𝐺𝑀
𝑅𝑐2 𝑎Ω𝑑𝑡


with 𝑎 ∼ 𝐽/𝑀 where 𝐽 is the angular momentum of the Earth = 2
5 𝑀𝑅2Ω


(𝑎Earth = 3.9 m > 𝑀Earth = 4.5 mm = 𝑟𝑆,Earth/2) we obtain


𝑑𝑠𝑎 = 2𝐺𝐽
𝑅𝑐2 Ω𝑑𝑡


and


𝑑𝑠𝑎 = 𝑟𝑆
𝑅


2
5 (𝑅Ω


𝑐 )
2


𝑑𝑡 ≈ 5 ⋅ 10−21𝑑𝑡


for one day Δ𝑠 ≈ 4 ⋅ 10−16 s


redshi 𝑑𝑠 = 𝑟𝑆
𝑅


𝛿𝑅
𝑅 𝑑𝑡 ∼ 2 ⋅ 10−18 𝑑𝑡 for 𝛿𝑅 = 1 cm


30/36 Gravitomagne c clock effect on Earth







Clocks on Earth
essen al part is
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(𝑎Earth = 3.9 m > 𝑀Earth = 4.5 mm = 𝑟𝑆,Earth/2) we obtain


𝑑𝑠𝑎 = 2𝐺𝐽
𝑅𝑐2 Ω𝑑𝑡


and


𝑑𝑠𝑎 = 𝑟𝑆
𝑅


2
5 (𝑅Ω


𝑐 )
2


𝑑𝑡 ≈ 5 ⋅ 10−21𝑑𝑡


for one day Δ𝑠 ≈ 4 ⋅ 10−16 s


redshi 𝑑𝑠 = 𝑟𝑆
𝑅


𝛿𝑅
𝑅 𝑑𝑡 ∼ 2 ⋅ 10−18 𝑑𝑡 for 𝛿𝑅 = 1 cm
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Rela vis c geodesy
general issue: clock effects in the field of the rota ng Earth for geodesy


first assump on: sta onary situa on (but: geodesy looks for mass transport
(hydrology, ice mel ng, sea level))
▶ exists melike Killing vector 𝜉 (includes rota on)
▶ this defines a gravitoiner al poten al 𝜙 = 1


2 ln 𝑔(𝜉, 𝜉)
▶ redshi of clocks given by 𝜙, falling bodies or the weight of bodies give the


accelera on −𝜕𝜇𝜙
measurements: three types
▶ chronometry: poten al 𝜙 − 𝜙0 can be probed by clocks
▶ gravimetry: measuring −𝑚𝜕𝜇𝜙 through falling bodies
▶ gradiometry: with satellites it is possible to measure the curvature 𝑅𝜇


𝜈𝜌𝜎
(Puetzfeld, Obukhov 2015, Ciufolini, Demianski 1987, Audretsch, C.L. 1982)
curvature in our case ∼ 𝜕𝜇𝜕𝜈𝜙 + … (gravity gradient)
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Rela vis c geodesy
aims: from that one has to derive
▶ level system (height system) from 𝜙
▶ reference system
▶ in par cular: defini on of the reference ellipsoid
▶ the space- me metric
▶ the mass distribu on of the Earth: requires addi onal informa on and


modeling, addi onal challenges in rela vis c framework
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Summary and outlook


Summary


▶ increased stability of clocks requires to discuss all clock effects
▶ may have impact on clock geodesy, posi oning, and naviga on
▶ can be used for improved tests of GR (see analysis of Galileo 5 + 6 →


Rievers’ talk)


Open issues


▶ analysis of more general clock network geometries
▶ analy c clock comparison between clocks on Earth and clocks on satellites:


ming
▶ clock effects in the realis c field of the Earth


35/36







Thank you for your a en on
Thanks to


▶ Hansjörg Di us
▶ Eva Hackmann
▶ Sven Herrmann
▶ Daniela Kunst
▶ Bahram Mashhoon
▶ Fritz Merkle
▶ Jürgen Müller
▶ Volker Perlick
▶ Ernst Rasel
▶ Piet Scmidt


▶ DFG Research Training Group
”Models of Gravity”


▶ DFG Collabora ve Research Center
”Rela vis c Geodesy” geo-Q


▶ German Research Founda on DFG
▶ German Space Agency DLR
▶ Center of Excellence QUEST
▶ German Israeli Founda on
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