SIS 8 Rk A W] <
Umqueness of the Fock quantlzatlon of

D1rac ﬁelds W1th un1tary dynamlcs //

i
¥
]

i
r.
f

1

[l
alt
T

& 21st Internatzonal Conference on General Relathty and Gravitation "
\ i New York July 14th 2016 y ,.-'* b

\ = i TR R L ] e co WAL LD W B s S R TUCTETE— 0

T w" J. Cortez, UNAM; B. Elizaga de Navascués, IEM, CSIC; M. Martin- Bemto |

? Radboud University Nijmegen; G. A. Mena Marugan, IEM, CSIC,; G
% ! J. M. Velhinho, Universidade da Beira Interior ‘“ A
D B e e e R T TR | TR T Ere——— o WR NN AT Tau NP AR



Motivation

Dirac (fermion) fields describe realistic matter contents in Physics:
cosmology, condensed matter (e.g. graphene)...

Infinite ambiguity in their quantum description:

» Choice of (Fock) representation of the CAR's.

In non-stationary geometries, it is reasonable to require the dynamics to
be unitary (quantum coherence).

Additional criterion: invariant vacuum under the spatial isometries.

Result: unique Fock representation of the CAR's.
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Cosmological model

FLRW cosmology, scale factor exp[o(n)], spatial sections ~S°.

Minimally coupled massive Dirac field, described by

q)A » Xa A=12;A'=1"2", Grassmann variables.

«g . . . . 3
Mode decomposition in terms of Dirac operator eigenspinors on S°:

\

(I)A = m (TI),T‘ (T]), eigenvalues o (DnNn€|N
np np n L

XA»% tnp(n),g (”ﬂ), eigenvalues to p=1,...,gn~n

np

Fock representation — »complex structure on space of initial data.
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Isometry invariant vacua

Isometry group SO(4 ) msssp Spin (4) on spinors of a chirality.

Known relation between the Dirac operator eigenspaces on S*
and the (unitary) irreducible representations of Spin(4).

Result: any Spin (4 )-invariant Fock vacuum is characterized by

particle annihilation and antiparticle creation variables:

(m)=fin)x, (n)+F;(n)y, (n), (0 5,)

m)=g;m)x_(n)+g,(n)¥, (n), (¢, 7))

\.
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FrE+fIP=e =g P+ &P, frEt+frgl=0.
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Unitary dynamics



Fermion dynamics

* First order Dirac equations, with ":=d/dn
o 3o’ o _ , 3a’|_ L.
x '=lio ———|x —ime'y , Yy =—|low +—— |y —ime Xx__.
np n 9 np np np n 2 np np

* Same second order equation for all the modes.

> Known asymptotic behavior of its two independent solutions.

: 1

* The (relevant) asymptotics of the evolution is known

x, (n)=A (n,ny)x, (n)+B (n,n,)y, (n),

y,,m=A (n,n)y_(n,)-B M, )x,_[(n).



Unitary dynamics

* Fermion dynamics —»time-dependent Bogoliubov transformation:
a, (n)=al(n,n)ae, (n)+p’ (n,n,)d! (n,)

b! (m)=af(n,m)b] (n)+p¢(n,n)a, (n,)

* The transformation is implementable as a unitary operator in the
Fock space defined by {anp(no) , blp(no)} if and only if

> g B (n,m)lP<0, 2. &,IB(m,m )<,  Vn.

* We know that o ~n€N and gnan.



Unitary dynamics: conditions

a, (n)=f1m)x, ()+f,(n)y, (n),

b (m)=gi(n)x, (n)+g)(n)¥

(n).

np

* Result: Unitarily implementable dynamics if and only if:
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where 3. | is square summable, for an infinite subset of IN,

whereas [, < g7, f,< &,, for the complementary subset.



Unitary dynamics: conditions
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With respect to the first subset, particles «<»>antiparticles.






Uniqueness

* Reference representation that admits unitary dynamics:

5a/2
m

; , f;l=\/e3°‘—(fn)2, g =f,, &,=—f;, ¥VneN.
0

fr=

1

* Any other with the same convention of particles and antiparticles:

~ me . Tn 2
Fn o F Lgn 1 > 8,195 ['<o,  VneN, etc.

J
2m Fs neN

* Bogoliubov transformation between them:

~ _ f fpt f—gr -2
a =x.a +hb_, 7¥n—97,1+0((0n ),

np n
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b' =«®b! +\%a A=—32 e "+0(w )
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Uniqueness
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Conclusions

Combined criteria of invariance of the vacuum under the isometry
group of the closed FLRW cosmology + unitary implementation of
the dynamics  » unique Fock quantization of the Dirac field.

Uniqueness attained given a convention of particles and
antiparticles.

The part of the dynamics that can be unitarily implementable is
uniquely determined — »extraction of explicitly time-dependent
functions from the dominant parts of the field.

Generalization to flat spatial sections, and 2+1 scenarios.



	Diapositiva 1
	Diapositiva 2
	Diapositiva 3
	Diapositiva 4
	Diapositiva 5
	Diapositiva 6
	Diapositiva 7
	Diapositiva 8
	Diapositiva 9
	Diapositiva 10
	Diapositiva 11
	Diapositiva 12
	Diapositiva 13
	Diapositiva 14

