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The role of conserved currents

@ The energy-momentum conservation principle can be mathematically
expressed by means of a conserved current and its conserved charge.

e A conserved current is a vector field Z such that V,Z" =0. Use GauR
Theorem to construct conserved charges.
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If H = H; U Ho then the conserved charges Q(H1), Q(Hz) can be defined
by
Q(H) = / (nuZM)dM,, Q(Ha) = / (n, Z")dHa,
7‘[1 ’Hz
Q(H1) = Q(Ha).

@ Many times one looks for non-negative (resp. non-positive) conserved
charges. This requires finding a conserved current Z* and H;, Ho with
special properties.



The role of conserved currents

Standard examples of conserved currents with non-negative conserved charges:

@ Symmetric tensor T}, fulfilling the dominant energy condition and a causal
Killing vector £ If V,, 7", = 0 and H; or Ho are space-like then

Zt =T, is a conserved current with a non-negative conserved charge.

@ Bel-Robinson tensor B, and £ causal Killing vector field. The vector field
7 = Blya €0

is a conserved current in vacuum (use the property V,B",,, = 0) with a
non-negative conserved charge if H; or Hs are space-like.



The role of conserved currents

Positivity properties of T}, and B,,,q,:

@ for any u#, v¥, w®, 2” causal and future directed one has

Tu'v” >0, Buapu'v’w*z” > 0.
e ut, v¥, w®, z” time-like and future-directed
Tutv” =0, Buepu'v'w*z”’ =0<=1T,, =0, B, =0.

Due to the charge conservation and the positivity properties, the vanishing of the
conserved charges in a spacelike hypersurface ¥ entails the vanishing of 7}, or
Bj,uap in a neighbourhood of ¥ = the fields defining these tensors also vanish.



Vacuum spacetimes with a Killing vector

Assume that a vacuum space-time (M, g,,,) admits a Killing vector £*.

Killing condition: V., +V,§, = 0, Killing 2-form: F),, = V[,§,) = V,.&,.
Self-dual Killing form: F,,, = F,, + iF;fV . F?= FunFH.

Ernst 1-form: o, = 26" F,,,.

Self-dual Weyl tensor: Wyuxp = Wy +1 Wi,

o, closed = 3 a local potential o (Ernst potential) such that o, = V0.

oc=k+A+2iw, keC, A=¢,£", w = twist potential.



The Mars-Simon tensors

Let Z,,5p = i (9urGvp — Gup9uvr + inurp) - For any vacuum space-time admitting
a Killing vector we define the family of Mars-Simon tensors

2

6 F
Sul/)\p = W}U/}\p + ; <-7:;1,1/pr - 3I,uu>\p> ) a 7£ 0.

The Mars-Simon tensors are Weyl candidates:
S[p,y]aﬁ = S;u/aﬂ ) Sul/ozﬂ = Sab’w/ 5 vaa]ﬁ =0, S“p,aﬁ =0,
and they are self-dual:
i S;Vaﬁ - SHVOCB'

For any point we can choose the Ernst potential in such a way that o # 0.
Therefore the Mars-Simon tensors can be defined (at least locally) for any vacuum
space-time.



A local invariant characterisation of the Kerr solution

The Mars-Simon tensor is used in the following important result.

Theorem (Marc Mars (2000))

Let (M, g,) be a smooth non-trivial vacuum solution having a Killing vector 5
and assume that it fulfills the following conditions

O (™) 22 0.
@ There is a choice of the Ernst potential o for which

ol

S;LllpA:O, fpufﬂu‘i’leZ:O, MER\{O}, Re(U)7A>0,

@ There is at least a point q such that the Killing vector f]q does not lie in the
2-plane orthogonal to the 2-plane spanned by the two independent null
eigenvectors of F,,|,-

Under the previous assumptions the space-time is locally isometric to the Kerr
solution.




Our result

Introduce the super-energy tensor of a Mars-Simon tensor:
Tapys = Salwﬁgww?-
Twp~s has the same positivity and algebraic properties as the Bel-Robinson tensor.

Theorem

For any vacuum solution of the Einstein's field equations (M, g,.,) admitting a
Killing vector field, consider an open subset U C M and a choice of the Ernst
potential which is differentiable and non-vanishing. Define the tensor T, 55 as
explained above. Then the current

(87 ]' (87
P = WT 57656@@’

is conserved in U
VP =0.




@ Use the freedom we have to define the Ernst potential to make a choice
which does not vanish at a given point

oc—~o+k, keC.

Therefore the current P can be define at least locally for any vacuum
space-time.

o The current P is in fact a family which depends on a complex constant k.
For example for the Schwarzschild space-time and using Schwarzschild
coordinates:

6M?2|k|?r(r —2M) O

P= —, keC.
kr —2Mp o0 "

o If the Killing vector fis causal then the generalised dominant energy property
of T}, implies that the conserved current P is causal too. Moreover under
this assumption

—

P:O<:>Tuyap20<:>8;4uapzo~



A conserved charge characterising the Kerr solution

Theorem (Kerr conserved charge)

Let (M, g,.) be a vacuum stationary solution of the Einstein's field equations and
assume further that for a given embedded space-like hypersurface ¥ C M,
(FuwF" )]s # 0 and the Ernst potential is chosen in such a way that it fulfills

0.4
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(]-"W]-'“”Jr )L:o, MeR\{0}, (Re(o)—A)|g > 0.

Use the stationary Killing vector and the Ernst potential to define the conserved
current P. Then the scalar Q(X) defined by

o(%) = / Ptn,d¥,
s

is non-negative, it vanishes if and only if 3 can be isometrically embedded within
an open subset of the Kerr solution and it is a conserved charge.




Open issues

@ Attempt to construct similar conserved currents for vacuum with
non-vanishing cosmological constant. Use a suitable generalisation of the
Mars-Simon tensor family.

@ In the definition of the Kerr conserved charge, the hypersurface is spacelike.
One could attempt to generalise it for hypersurfaces with a mixed causal
character (spacelike-null).

@ Render the Kerr conserved charge in terms of initial data for the vacuum
Einstein equations or quantities intrinsic to the hypersurface 3. Use the
notion of Killing initial data.
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